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Abstract: An accelerated flow over an insulated wedge surface is investigated for wedge angle in
between 0.50 degree to 175 degree by using Von Karman-Pohlhausen's momentum integral
method. The wedge surface is insulated at the leading edge and heating begin at the end of
insulation zone. The effect of wedge angle on flow characteristics such as boundary layer
thickness, momentum thickness, thermal boundary layer thickness and heat transfer coefficient
are investigated. The equations of flow characteristics are derived for various wedge angles
from the governing equations of Von Karman-Pohlhausen's momentum integral method and
expressed in terms of Reynolds number, Prandtl number and Nusselt number. The results are
plotted to investigate the flow within the boundary layer and found that separation of flow
occurred earlier with increase of wedge angle to 105 degree and beyond. The results of flow
characteristics for 0.5 degree wedge angle are compared with Blasius's exact solution of flat
plate and also with VonKarman-Pohlhausen's solution of flat plate to validate the analysis
presented in this paper. From the analysis, it is also revealed that Von Karman-Pohlhausen's
momentum integral method is convenient to solve or draw outline of solution of flow over an
arbitrary shaped object than Blasius's exact solution method.
Keywords: Flow over Wedge Surface; Boundary Layer Integral Method; Thermal Boundary
Layer.
INTRODUCTION
The mathematical complexity of convection
heat transfer is related to the non-linearity of
Navier-Stokes equation and coupling of fluid
flow with thermal fields. The Navier-Stokes
equation is elliptical in nature and quite
difficult to get solution. The boundary layer
concept was first introduced by Prandtl in
1904 by simplification of Navier-Stokes
equation. The simplified Navier-Stock
equation is known as Prandtl's boundary layer
equations. It is easier to solved and exhibit
completely different mathematical behavior
than Navier-Stokes equation. The systematic
calculation of Prandtl's boundary layer
equations yields flow characteristics within
the boundary layer of the fluid flow1.
In 1908, Heinrich Blasius solved Prandtl's
boundary layer equations into non-linear

ordinary differential equations. Despite the
importance of Blasius's solution, in 1921 Von
Karman,
obtained
momentum-integral
equation through the simple expedient of
integrating the boundary-layer equations
across the boundary layer. Later the Von
Karman momentum integral equations are
refined by Ernst Pohlhasuen, which is known
as Von Karman-Pohlhasuen's momentum
integral method. It is well suited to generate a
quick outline of a solution in complex cases
and arbitrary shaped objects. The Von
Karman-Pohlhasuen's momentum integral
methods provide significant mathematical
simplification by reducing the number of
independent variables. It gives an insight to
the behavior of fluid particles within the
boundary layer and easier to work with1.
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For mathematical simplification, Von
Karman-Pohlhasuen's momentum integral
method is extensively used to solve a wide
range of problems in fluid flow, convection
heat and mass transfer from complex to
arbitrary shaped object, where Blasius's exact
solution is difficult to achieved2-3.
Flow over wedge surface is an important
phenomenon in aerodynamics to design the
aircraft's wing, missiles and other flying and
floating objects, as well as, designing of other
thermo-mechanical equipments and devices.
There are numerous research papers published
to investigate flow over edge surface with
various conditions and situations. But only
few of them investigated the flow over
insulated wedge surface. Before mathematical
formulation, the related papers and books are
well studied1-7. Zhang, Yuwen8 worked with
flow over insulated web surface with a
constant velocity U∞ i.e. assuming,
0by
using boundary layer integral methods. Basu,
B9 investigated flow over web surface without
insulation with Blasius equations. Keshtkar,
Mohammad10 investigated flow over wedge
surface with varying viscosity and heat
generation of Falkner-Skan flow. Akcay,
Mehmet11 investigated flow over a moving
wedge surface with wall mass injection of
non-Newtonian fluid by using Prandtl's
boundary
layer
hypothesis.
Ashwini,
G.12investigated unsteady MHD (Magnetohydrodynamics or magneto fluid dynamics)
decelerating flow over wedge surface with
heat generation or absorption in presence of
magnetic field by using boundary layer
equations and Keller-box solution method.
Padet, J.13 investigated transient convective
heat transfer over wedge surface with
differential and integral method without
insulation over the wedge surface. Butt, S.,
Adnan14 investigated flow and heat transfer
over a static and a moving wedge surface by
similarity
method
without
insulation.
15
Seddeek, M. investigated MHD FalknerSkan flow and heat transfer over wedge
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surface with variable viscosity and thermal
conductivity
by
similarity
solution.
Mukhopadhyay,
Swati16
investigated
boundary layer flow and heat transfer of a
Casson fluid over porous wedge surface.
Before mathematical formulation, all papers120
are well studied and found that Von
Karman-Pohlhausen's integral formulation is
easier to work with complex and arbitrary
shaped object, as well as, the accuracy of the
solution is acceptable within the engineering
and research communities.
The flow over wedge surface is
investigated by Von Karman-Pohlhausen's
integral methods for various wedge angles in
between 0.50<α<1750.
METHODOLOGY
Considering two-dimensional laminar steady
flow over a wedge surface, as shown in the
Fig.-1. Where x is measured along parallel to
the wedge surface and y is measured along
perpendicular to the wedge surface. The
surface of the wedge is insulated in between
0< x <x0. The free stream velocity and
temperature are U∞ and T∞ respectively. The
temperature of the wedge surface and velocity
of fluid over wedge surface are Tw andU x
c x respectively, where m
m>0),β
and α is the wedge angle in degree.

Fig.-1: Flow Over Wedge Surface.
Considering no generation of thermal
energy, negligible dissipation, no gravity and
no blowing or suction at the wedge surface.
The wedge surface is insulated in between

Journal of Mechanical Engineering, Vol. ME 49, No. 1, March- 2019
Transaction of the Mechanical Engineering Division, The Institution of Engineers, Bangladesh

3

Analysis of accelerated flow over an insulated wedge surface by using Von Karman-Pohlhausen's
momentum integral method

0<x<x0, so there is no thermal boundary layer
developed at the edge and wall temperature of
wedge surface is same as free stream fluid
temperature within insulated region i.e.
Tw = T∞.
The thermal boundary layer will be
developed at x>x0 and δ x is less than δ x .
The ratio of
will be less than 1 i.e. 𝜉
<1.
GOVERNING EQUATIONS
All the governing equations of Von KarmanPohlhasuen's momentum integral methods are
readily available in H. Schlichting2. The
velocity of fluid over the wedge surface is
given by the equation,
U x
cx
(1)
For steady flow with zero incidence and
laminar boundary layer, the momentum
thickness δ2(x) is given by the following
integral equation,
.

U x

dx

(2)

The relationship in between boundary layer
shape factor Λ x and boundary layer
thickness δ(x) is given by the following
equation,
Λ x

(3)

The dimensionless ratio of local velocity u to
the free stream velocity U∞ is given by the
following equation,
2η
3η
η
Whereη

2η

η

η

3η
(4)

Flat plate with zero incidences, the ratio of
momentum thickness δ x and boundary
layer thickness δ(x) is given by the following
equation,

(5)
The momentum layer shape factor K(x) is
related to the momentum thickness δ x by
the following equation,
K x

(6)

H ξ is the universal function of ξ(x)
and ξ x
. The value of function
H ξ is given by the following equations,
ξ
ξ
ξ and
For ξ 1, H ξ
for 𝜉 1,
H ξ

ξ

ξ

ξ

ξ
(7a-b)
The differential form of integral energy
equation for the thermal boundary layerδ x
is given by the following equation,
U x H ξ δ x

(8)

The local rate of heat transfer is given by the
following equation,
q
T
T
(9a)
In terms of heat flux or coefficient of heat
transfer equation (9a) can be written as,
q

h T

T

Where h

(9b)
(9c)

MATHEMATICAL FORMULATION
The equations related to the flow
characteristics over the wedge surface are
derived systematically as shown below by
using governing equations (1) to (9) and
expressed each equation in terms of nondimensional constants of Reynolds number,
Prandtl’s number and Nusselt number. The
effect of flow characteristics for various
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wedge angle from α = 0.50 to α = 1750 are
investigated.

63

.

Momentum Thickness, δ2(x):
From the governing equations (1) and (2),
δ

.

x

cx

dx

.

x

C

(10b)

.

x

(10c)

Local Reynolds number,
R

.

63

WhereC

(12d)

The value of K(x) is found from the
governing equation (1), (6) and equation
(10c).
.

K x
δ x

0 (12c)

(10a)

After integrating and applying boundary
condition at x = 0, δ x
0, equation (10a)
becomes,
δ

0(12b)

cmx

(13a)

.

K x
(13b)
Expressing equation (11c) in terms of local
Reynolds numberR ,

.

(14a)

Substituting expression of local Reynolds
numberR in equation (10c) and rearranging
variables,
.

δ x
δ x

(10d)

C

x

Λ x

cmx

δ x

x

Λ x

(11b)

δ x

x

Λ x

(11c)

(11a)

(14b)
(14c)
(14d)

WhereC

Boundary Layer Thickness, δ(x):
From the governing equation (1) and (3),

Thermal Boundary Layer Thickness, δt(x):
The thermal boundary layer δt(x) will be
developed at x ≥ x0 and boundary layer will be
developed at x=0 and ξ(x) =
will be less
than 1 (ξ

1 .

From governing equation (7a),
H ξ

From the equations (10c), (11c) and
governing equation (5),
.

x

(12a)

(15a)
Neglecting higher order terms and
substituting the value of δ(x) from the
equation (14b),
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H ξ

x

δ x

(15b)

δ

x

x

1

Substituting value of H ξ from equation
(15b) and U(x) from governing equation (1)
to the governing equation (8),
x

cx

δ

x

(16f)

δ `x

x 1
(17a)

(16a)
Rearranging the variables,

Rearranging the variables of equation (17a),
x

δ

x

d x

δ

x
x

dx (16b)

δ x

C

x

1
(17b)

x

δ

Expressing equation (17b) terms of local
Reynolds number Rex,

x
x

A (16c)
δ x

x

δ

x 1

x

30

x

(18a)

A
(16d)

Where A1andA2 are integration constants.
Applying boundary condition in the equation
(16d), at x = x0, δt(x) = 0.

δ x

C

x 1

Where, C
A

30

δ

(18c)

x

Substituting the value of constant A2 in
equation (16d),
x

(18b)

x
x

The value of δ x can be found if value of x0
or local Reynolds number Rex0 and also
Prandtl's number are known. The value of x0
can be found from the local Reynolds number
Rexo at the end of insulation of the wedge
surface, i.e. at x= x0.

1
(16e)

R

Journal of Mechanical Engineering, Vol. ME 49, No. 1, March- 2019
Transaction of the Mechanical Engineering Division, The Institution of Engineers, Bangladesh

(19a)

6

Analysis of accelerated flow over an insulated wedge surface by using Von Karman-Pohlhausen's
momentum integral method

x

(19b)

The values of shape factor Λ x are found by
solving equation (12c) numerically after
substituting value of C2 from equation (12d)
and value of K(x) is found from equation
(13b). The value of C3 and C4 are found from
the equations (14d) and (18c) respectively.
The value of K(x) and Λ x for different
wedge angle factors β, are shown in the
Table-1. The results of Table-1 are found
analogous to the Holstein and Bohlen
solution2forΛ x and K x . It is assumed that
the value of flow constant c =50 i.e. U(x) = 50
xm.

1
4
5

29/
36

29/
43

6.4
447

0.07
25

16.
963

0.00
170

3.8
12

1
6
0
1
7
5

8/9

4/5

6.7
981

0.07
52

17.
276

0.00
160

3.6
49

35/
36

35/
37

7.1
306

0.07
76

17.
549

0.00
151

3.4
85

Heat Transfer Coefficient, hx:
Substituting the value of δ x from equation
(18b) to the governing equation (9c),

h

Table-1: Value of Λ x , K(x), C2, C3 & C4
α0
0.
5
1
5
3
0
4
5
6
0
7
5
9
0
1
0
5
1
2
0
1
3
0

β
1/3
60
1/1
2
1/6
1/4

m
1/7
19
1/2
3
1/1
1
1/7

1/3

1/5

5/1
2
1/2

5/1
9
1/3

7/1
2

7/1
7

2/3

1/2

13/
18

13/
23

Λ x
0.0
471
1.2
479
2.2
390
3.0
566
3.7
507
4.3
532
4.8
853
5.2
098

K(x)
0.00
07
0.01
68
0.02
94
0.03
92
0.04
70
0.05
34
0.05
88
0.06
33

C2
1.6
05
8.1
62
10.
798
12.
468
13.
658
14.
560
15.
270
15.
847

C3
0.00
320
0.00
295
0.00
273
0.00
254
0.00
238
0.00
224
0.00
210
0.00
196

C4
5.5
86
5.3
60
5.1
49
4.9
52
4.7
66
4.5
88
4.4
16
4.2
28

5.7
969

0.06
71

16.
325

0.00
187

4.0
84

6.0
660

0.06
94

16.
600

0.00
180

3.9
75

1

(20a)

Substituting value of C4 in equation (20a),
h

R P

1
(20b)

Expanding local Reynolds number R ,

P

h

x

1

(20c)

Expressing in terms of local Reynolds
R and Nusselts number Nux equation (20c)
yields,
N

2

R P

1
(21)

RESULTS AND DISCUSSION
Considering, air is flowing over the wedge
surface at 20 0C i.e. T∞ = 20 0C. Properties of
air at 200C are,
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Density of air, ρ = 1.2
Specific heat at constant pressure, Cp=1.005
Viscosity of air, µ=1.82 x 10-5
Kinematic viscosity, ν =15.2 x 10-6
Thermal conductivity, K = 0.0257

flow separated earlier with increasing of β,
which makes agreement with the real
situation. Flow is separated quickly with
increasing of wedge angle to 1050 and
beyond. Substituting the value of Λ(x)
=0.0471 and m = 1/719 for wedge angle α =
0.50 from Table-1 to the equation (14a), the
equation of boundary layer thickness δ(x)
becomes,
.

(22)

Prandtl number, Pr = 0.712
Boundary Layer Thickness δ(x):
The boundary layer thickness, δ(x) is
plotted in Fig.-2(a) and Fig.-2(b) from the
equation (14b) for various wedge angle
factors β and velocity constant c =50 or local
velocity over the wedge surface, U x
50 x .

Solution of boundary layer thickness δ(x)
of flat plate with zero incidences by Von
Karman-Pohlhausen's momentum integral
method and Blasius's exact solution2 are given
by the following equations respectively,
.

(23)
.

(24)

The equation (22) makes good agreement
with equation (23) and also makes
satisfactory agreement with equation (24).

Fig.-2(a): Boundary Layer Thickness δ(x).

Momentum Thickness 𝛅𝟐 𝐱 :
The momentum thickness δ x is plotted
in Fig.-3(a) and Fig-3(b) from the equation
(10c) for various wedge angle factors β and
velocity constant c =50 or local velocity over
the wedge surface U x
50 x .

Fig.-2(b): Close View of Fig.-2(a).
From Fig.-2(a) and 2(b), it is observed
that boundary layer thickness δ(x) increased
with increasing of wedge angle factor β and

Fig.-3(a): Momentum Thickness δ2(x).
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governing equation (4) and numerically solve
equation (4) for different values of η
and

respectively. The velocity distribution

for laminar flow over wedge surface is shown
in the Fig.-4(a) and Fig.-4(b).

Fig.-3(b): Close View Fig.-3(a).
Form Fig.-3(a) and 3(b), it is observed
that the momentum thickness δ2(x) is
analogous to the boundary layer thickness
δ(x) for various wedge angle factors β; which
validates the acceptance of accuracy of the
solution of momentum thickness δ2(x).
Substituting the value of m for wedge angle α
= 0.50 from Table-1 to the equation (10d), the
momentum thickness δ2(x) becomes,
.

(25)

Solution of momentum thickness δ2(x) for
flat plate with zero incidence by Von
Karman-Pohlhasuen's momentum integral
method and Blasius's exact solution are given
by the following equations respectively,
.

.

Fig.-4(a): Velocity Distribution for U(x) =
50xm.

(26)
(27)

The equation (25) makes very good
agreement with equation (26) and also
satisfactory agreement with equation (27).
Velocity
Distribution
in
Laminar
Boundary Layer:
The velocity distribution in the laminar
boundary layer is found by solving governing
equation (4). Substituting value of Λ(x) for
different wedge angles from Table-1 to the

Fig.-4(b): Close View of Fig.-4(a).
From Fig.-4(a) and 4(b), it is observed
that the boundary layer separated earlier with
increasing of wedge angle to 1050 and
beyond. The profiles of velocity distribution
over wedge surface for different wedge angles
are found realistic and it makes good
agreement with the velocity distribution of
Blasius's exact solution for flow over wedge
surface for laminar flow2.
Thermal Boundary Thickness δt(x):
If the value of local Reynolds number,
Rex0 at the end of the insulation is known then
value of x0 can be found from equation (19b).
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The thermal boundary thicknessδ x is
plotted in Fig.-5 by substituting the value of
x0 for local Reynolds numberRex0= 1000,
Prandtl number Pr = 0.712 and value of C4
from Table-1 to the equation (17b).

Fig.-5: Thermal Boundary Layer Thickness
δ x for Rex0 = 1000; Pr = 0.712

Prandtl number Pr = 0.712and value of C4
from Table-1 to the equation (20c).

Fig.-6(a): Heat Transfer Coefficient, hx for
Rex0 = 1000,Pr =0.712 forU(x) = 50
xm.

If there is no insulation in the wedge surface
i.e. x0 = 0, the equation (18b) yields,
δ x

x

C

(28)

Substituting value of C4 for wedge angle α
=0.50 from the Table-1to the equation (28),
δ x

.
/

Exact solution of thermal boundary layer for
flow over flat plate with zero incidences is
given by the following equation2,
δ x

Fig.-6(b): Close View of Fig.-6(a)

(29)

.
/

The equation (29) makes
agreement with equation (30).

(30)

Substituting value C4 and Λ(x) for α = 0.50
from the Table-1 to equation (21),
N

0.358 R P

1

(31)

If there is no insulation on the web surface,
i.e. x0 = 0 then equation (31) becomes,

satisfactory

Heat Transfer Coefficient, hx:
The heat transfer coefficient hx is plotted
inFig.-6(a) andFig.-6(b) by substituting value
of x0for local Reynolds number Rexo = 1000,

N

0.358 R P

(32)

The numerical solution of heat transfer for
flow over flat plate2 is given by,
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N

0.332 R P

10

(33)

The equations (31) and (32) make very
good agreement with Zhang, Yuwen (2010)8
and also with numerical solution of heat
transfer over flat plate equation (33).
The variations of solutions of boundary
layer thickness δ(x), momentum layer
thickness δ2(x), thermal boundary layer
thickness δt(x) and heat transfer coefficient hx
from the Blasius's exact solutions or
numerical solutions are within acceptable
limit. Because solutions presented in this
paper for 0.50 angle wedge surface are
compared with Blasius's exact solutions for
flat plate.
Boundary Layer Thickness δ(x), Thermal
Boundary Layer Thickness δt(x) and Heat
Transfer Coefficient hx:
The relative characteristics of heat transfer
coefficient hx, boundary layer thickness δ(x)
and thermal boundary layer thickness δt(x) for
wedge angles α = 0.50, α = 300, α=750 and
α=1200 are shown in the Fig.-7(a) and Fig.7(b).

Fig.-7(a): Heat Transfer Coefficient, hx;
Boundary Layer Thickness δ(x) and
Thermal Boundary Layer Thickness
δt(x).

Fig.-7(b): Close View of Fig.-7(a).
From Fig.-7(a) and 7(b), it is observed
that the boundary layer thickness δ(x) and
thermal boundary layer thickness δt(x)
increases gradually with decreasing of heat
transfer coefficient hx or with increasing of
length of insulation.
CONCLUSION
From the analysis, presented in this paper
the following conclusions are made:
(1). The flow characteristics over wedge
surface for wedge angle,α=0.50 are found
consistence
with
Von
KarmanPohlhausen's integral methods for flat
plate, as well as, with Blasius's exact
solution for flat plate.
(2). The boundary layer thickness and
momentum thickness increase with
increasing of wedge angle and boundary
layer separates earlier with increasing of
wedge angle to 1050 and beyond.
(3). The thermal boundary layer thickness and
heat transfer coefficient decrease with
increasing of length of insulation over
wedge surface. In other words, length of
insulation should be increased with
increasing of wedge angle to keep the
same amount of heat flux.
(4). Von Karman-Pohlhausen's momentum
integral method is the most simple and
robust tool, which could be used to solve
flow around complex or any arbitrary
shaped object, as well as, it could be used
for validation of test data and other
solution methods.
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NOMENCLATURE
C
δ(x)
δ x
δ x
H(ξ
U∞
U(x)
c
m
Λ(x)
K(x)
q
h
P
R
R
T
T
k
Nux

Specific heat of fluid at constant
pressure
Boundary layer thickness is function x
Momentum thickness function of x
Thermal boundary thickness function
of x
Universal function of ξ
Free stream velocity
Velocity of over wedge, U x
cx
Velocity constant
Exponent of velocity
Shape factor and function of δ(x) and
x
Shape factor and function of δ x
and x
Heat transfer through wall
Heat flux or coefficient of heat
transfer
Prandtl number, P
Reynolds number at distance x0
Local Reynolds number at distance x
Temperature of the wedge surface
Temperature of free stream fluid
Thermal conductivity
Nusselt Number, N
Dimensionless ratio of velocity

GREEK SYMBOLS
µ
ρ
𝜈

Absolute viscosity of fluid
Density of the fluid
Kinematic viscosity of fluid 𝜈

β
α
η

Wedge angle factor
Wedge angle in degree
Dimensionless ratio,

ξ

(ξ

11

1 for this particular

situation)
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